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Abstract. Reducing contrail warming requires knowing how a flight’s climate effect responds to changes in its trajectory, the

weather and the contrail model’s assumptions. The Contrail Cirrus Prediction model (CoCiP) computes this effect as energy

forcing, EF , but its reference implementation does not provide these sensitivities. Finite differences could estimate them by

perturbing one input at a time, but this is impractical for weather fields holding millions of values. We present DIFFCOCIP v1.0,

a reimplementation that applies reverse-mode automatic differentiation to obtain all these sensitivities in a single backward5

pass. It reproduces the reference model’s EF to the accumulated floating-point round-off and returns derivatives with respect

to waypoint altitudes, gridded humidity and model parameters. Three applications assess the use and limits of these derivatives.

In a four-season fleet campaign, altitude gradients guide the placement of candidate manoeuvre windows, and every candidate is

then evaluated with the unmodified model. For about one third of reprofiled flights, the selected manoeuvre reduces EF despite

a gradient prediction of an increase, showing why finite manoeuvres must still be checked against the full model. Humidity10

gradients identify the small part of a four-dimensional weather grid that influences one flight’s EF , including positions reached

by its drifting contrail after the aircraft has passed. Among six model parameters, EF proves most sensitive to the humidity-

correction coefficient, whose effect is about 7 times larger than that of the next most influential parameter. The derivatives are

exact within each smooth region of the implemented model, but do not capture discontinuous changes across the formation,

persistence and termination thresholds. DIFFCOCIP also includes an optional smoothed formulation of these criteria to support15

gradient-based optimisation; the results reported here use the unmodified model throughout.

1 Introduction

Contrail cirrus forms when aircraft exhaust mixes with sufficiently cold air and produces ice crystals. The crystals can persist

and spread when the surrounding air is supersaturated with respect to ice. These clouds trap outgoing infrared radiation and

reflect incoming sunlight. Their net effect, summed over aviation, is warming (Lee et al., 2021; Burkhardt and Kärcher, 2011;20

Kärcher, 2018). For 2018, Lee et al. (2021) estimated an effective radiative forcing of 57.4mWm−2 from contrail cirrus,

compared with 34.3mWm−2 from aviation’s accumulated CO2. The same assessment attributed about eight times more

uncertainty in aviation’s net forcing to non-CO2 effects than to CO2.

Contrail forcing is particularly sensitive to upper-tropospheric humidity: numerical weather models represent it imper-

fectly (Gierens et al., 2020; Teoh et al., 2022). It also depends on soot emissions and on the microphysical processes gov-25
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erning ice formation and survival, though comparisons with observations cover only a limited set of conditions (Schumann

et al., 2017). Understanding which inputs most strongly affect a prediction is useful for assessing uncertainty and for designing

avoidance measures.

Avoidance is possible because contrail warming is concentrated in a small fraction of flights and along particular parts of

their routes. In the campaign presented here, for example, the top 1 % of flights by energy forcing accounts for a median of 26 %30

of daily gross warming: a vertical deviation can sometimes move such a flight outside an ice-supersaturated layer and prevent

persistent contrails over that part of the route (Teoh et al., 2020a, 2022). Predicting the benefit, though, requires evaluating how

the contrails change when the flight changes altitude.

The Contrail Cirrus Prediction model (CoCiP) (Schumann, 2012) provides a physical model for this calculation. It follows

the exhaust deposited along successive segments of a flight as it moves with the wind, evolves and dissipates. Integrating each35

segment’s radiative effect over its area and lifetime (Schumann et al., 2012), then summing over the flight, gives its energy

forcing EF in joules. Positive EF denotes a net warming contribution; negative EF denotes cooling.

This paper asks three questions about that output. How does EF respond to a small change in each waypoint altitude?

Which humidity values in the weather grid influence it? Which empirical model constants produce the largest response to a

small relative change? Each question concerns a derivative: the local rate of change of EF with respect to an input. Collecting40

these derivatives gives a gradient, with one entry per input.

The reference implementation, PYCONTRAILS (Shapiro et al., 2026), returns EF but does not return its gradient. A derivative

can be approximated by finite differences: increase and decrease an input slightly, rerun the model, and divide the difference

in outputs by the difference in inputs. Repeating this for every input requires two runs per input. This is feasible for a few

constants, costly for hundreds of waypoint altitudes, and impractical for the roughly four million humidity values in the weather45

extracts used here. A complete humidity gradient would require about eight million runs per flight by this method.

Reverse-mode automatic differentiation provides another route. It first evaluates the model, then applies the chain rule

backwards through its operations to calculate how each input contributed to the output. This backward calculation is the

discrete adjoint of the simulation. For a scalar output such as EF , it obtains all input derivatives in one backward pass. Its

work scales with the underlying computation, rather than requiring a separate simulation for each input. Adjoint methods have50

long supported variational data assimilation (Le Dimet and Talagrand, 1986; Talagrand and Courtier, 1987; Courtier et al.,

1994; Rabier et al., 2000; Errico, 1997). Automatic differentiation generates the derivative from the model code, reducing the

need to maintain a separate, hand-derived adjoint (Griewank and Walther, 2008; Baydin et al., 2018; Hascoët and Pascual,

2013; Utke et al., 2008; Heimbach et al., 2005; Forget et al., 2015). Related methods are increasingly used in Earth system

modelling (Gelbrecht et al., 2023; Kochkov et al., 2024; Shen et al., 2023; Sapienza et al., 2024).55

Existing contrail-avoidance methods provide useful context for this contribution. Several trajectory-optimisation studies

use gradients of a precomputed forcing field or a fitted cost function (Sridhar et al., 2010; Simorgh and Soler, 2025; Diet-

müller et al., 2023; Yin et al., 2023). These gradients describe variation in that representation of forcing. Differentiating the

flight-specific CoCiP simulation instead follows how changes to its inputs propagate through contrail formation, evolution and

radiative forcing. Smoothing a cost field can help an optimiser (Sun and Olive, 2025), but changes how sharp transitions are60
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represented. Other approaches evaluate a set of candidate flight levels directly (Teoh et al., 2020b), use gridded CoCiP for

fleet forecasting (Engberg et al., 2025), or screen flights using predicted forcing (Sonabend-W et al., 2024). Direct evaluation

is well suited to comparing a small set of manoeuvres. The adjoint adds a complementary capability: detailed sensitivities to

trajectories, weather and model parameters.

CoCiP presents a specific difficulty for differentiation. It uses yes-or-no tests to decide whether a contrail forms, survives its65

early development and remains alive at each later time step. Changing an input enough to change one of these decisions can

produce a jump in EF . A derivative does not exist at such a jump. Between thresholds, however, the same decisions remain in

force and the model has a local derivative. Similar issues arise when differentiating atmospheric models with convection and

precipitation switches (Zou, 1997; Xu, 1996; Zou et al., 1993; Ehrendorfer et al., 1999). Section 2.2 explains this distinction

for CoCiP and shows why an exact local derivative is not a prediction of every finite change.70

We present DIFFCOCIP v1.0, a reimplementation of CoCiP in JAX (Bradbury et al., 2018). JAX is a Python library that com-

piles numerical array calculations and automatically differentiates them. Here it differentiates the CoCiP equations and their

implemented time-stepping scheme; it does not train a surrogate model. We verify the forward calculation against PYCON-

TRAILS v0.63.3 and check the derivatives against finite differences away from switching boundaries. Throughout this paper,

exact refers to the derivative of the implemented model within a smooth region, up to numerical precision. It does not imply75

that the physical model or its inputs are free of uncertainty.

The three use cases distinguish the inputs being differentiated:

1. Waypoint altitudes, ∂EF/∂z (Sect. 4). A four-season campaign uses the gradient to place a candidate altitude-change

window. It then compares the gradient’s linear prediction with a full evaluation of each proposed manoeuvre. This is an

application to control variables, a standard adjoint target (Talagrand and Courtier, 1987; Cacuci, 1981; Navon, 2009).80

2. Gridded humidity, ∂EF/∂q (Sect. 5). For one flight, we locate the weather values that influence its forcing. Because

the model reads meteorological fields by interpolation rather than by a closed-form function of position, this gradient

requires differentiating through that interpolation as well as through the simulation (Sect. 2.3). The resulting map is the

input required for first-order propagation of humidity uncertainty, analogous to forecast-sensitivity diagnostics (Langland

and Baker, 2004; Baker and Daley, 2000; Cardinali, 2009). This paper demonstrates the sensitivity map; validation of85

uncertainty propagation is reserved for a companion study.

3. Empirical constants, ∂EF/∂θ (Sect. 6). We compare the local response to six model parameters. Such derivatives are

also used in inverse problems (Tarantola, 2005), although parameter calibration is outside the scope of this study.

Section 2 explains the model, the meaning and computation of its derivatives, and their verification. Section 3 describes the

common data and computational costs. The three use cases follow in Sections 4–6, before the discussion and conclusions. The90

appendices give the campaign protocol and the sensitivity to the integration step and maximum contrail age.
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2 The differentiable model

This section follows one flight through the forward simulation, then explains how the backward pass obtains its sensitivities.

It distinguishes smooth responses from changes in the model’s yes-or-no decisions before presenting the adjoint equations,

implementation choices and verification.95

2.1 The contrail model and its energy forcing

Because everything that follows differentiates this model, what matters here is how it computes and not only what it computes.

Figure 1 sketches the sequence.

CoCiP (Schumann, 2012) treats a flight as a chain of segments, one between each consecutive pair of waypoints, the succes-

sive points along the flight path at which the plan fixes a position, a time and an altitude. Each segment is the piece of exhaust100

laid down over that stretch of flight, and each is followed separately for its whole life. There are typically a few hundred

segments per flight, and a flight’s forcing is the sum of what each of them does.

The life of one segment runs through the stages drawn in Fig. 1.

Formation. The Schmidt–Appleman criterion (SAC) (Schumann, 1996; Appleman, 1953) decides whether a visible contrail

forms behind that segment at all. As hot, moist exhaust mixes with cold ambient air, the mixture’s temperature and vapour105

content trace a straight line in the temperature–vapour plane, and a contrail forms if and only if that mixing line reaches liquid

saturation, so that water droplets condense and then freeze. Whether it does depends on the ambient temperature and pressure

and on how much water and heat the engine puts out per unit of air, which is why engine efficiency enters the model here. The

test returns yes or no; there is no partial contrail.

The wake-vortex phase. For a contrail that does form, the first few minutes are dominated by the aircraft’s wake. The two110

counter-rotating vortices trailing from the wings entrain the exhaust and sink several hundred metres, compressing and warming

the air they carry, so that some fraction of the newly formed ice crystals sublimates and is lost. What survives sets the initial

depth, width and ice content of the contrail, and this is where the aircraft’s mass and wingspan enter, the vortices’ strength

following from the weight they support and their spacing from the span. A second yes-or-no test then decides persistence:

unless the surrounding air is supersaturated with respect to ice, the surviving crystals evaporate and the contrail is gone within115

minutes.

Evolution. A segment that persists is followed forward in discrete time steps, 30min by default. At each step it is advected

by the wind, so contrails drift, often hundreds of kilometres from where the aircraft flew; it is deformed by vertical wind shear,

which tilts and spreads it; it grows by turbulent diffusion; it loses ice by sedimentation as crystals fall out; and it exchanges

water with the surrounding air according to the local humidity, which is read from the weather field at the segment’s current120

position by interpolation. Each step therefore both updates the segment’s state and depends on the state the previous step left.

Radiative effect and death. At every step the segment’s current ice content, dimensions, particle size and the local radiation

determine its instantaneous radiative forcing (Schumann et al., 2012): how much outgoing infrared it traps, minus how much

sunlight it reflects away. That forcing is per unit area, so it is multiplied by the area of the contrail the segment has spread
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into, and by the duration of the time step, and accumulated, so that a wider or longer-lived contrail carries more energy than125

a narrow or short-lived one at the same forcing per square metre. Accumulation stops when the segment is declared dead, on

any of the six thresholds Table 1 lists.

Summing the accumulated forcing over all the segments of a flight gives the flight’s energy forcing EF , in joules: the time-

integrated net radiative energy change attributed to that flight’s contrails in the model. EF is signed. A segment that traps more

infrared than it reflects sunlight contributes positively and warms; one that reflects more than it traps contributes negatively and130

cools, as can occur for daytime contrails over dark surfaces. A flight with EF > 0 warms on balance in the model, one with

EF < 0 cools.

When results are aggregated over a day or a week, the warming and cooling sides are kept separate. The gross warming of

a day is the sum of EF over only those flights with EF > 0, and it is the denominator of every fleet-level share reported in

this paper; the per-flight removals of Section 4 are instead shares of each flight’s own forcing. The reason is arithmetic: the net135

forcing over a day is warming minus cooling, and on days when the two nearly cancel it passes close to zero, so a percentage

of it would be unstable or undefined.

2.2 The discrete structure and the meaning of the derivative

We want the derivative of EF with respect to the quantities a user can change or is uncertain about: the altitude of each

waypoint, the humidity at each grid point of the weather field, and each of the model’s empirical constants. Writing that140

derivative down by hand is impracticable, because, as Section 2.1 showed, EF is not a formula but the output of a program

with several hundred segments, each integrated over its whole lifetime in 30min steps.

Size alone, however, does not obstruct differentiation, and neither do the features of the model that look at first like obstacles.

Reverse-mode automatic differentiation needs no equation: it records the elementary arithmetic operations the program per-

forms while it runs and applies the chain rule to that recording, which for a single mid-haul flight holds some 25,000 elementary145

array operations, large for a human and unremarkable for a compiler. What is written as an integral is, by the time anything

is differentiated, already the finite sum
∑

k g(xk)∆t over the model’s own time steps, which differentiates term by term. The

dependence of each step on the one before it, xk+1 = Fk(xk,u), is genuine, but it is precisely the structure the adjoint method

was designed to handle, and Section 2.3 sets out how.

Weather interpolation is also part of the differentiated calculation. The model does not have a formula for humidity as a150

function of position; it has a table of values at grid points and reads between them by interpolation, so a derivative with respect

to position must pass through that lookup. The lookup, however, is an interpolation, linear in each of its four coordinates

(longitude, latitude, pressure level and time): an explicit arithmetic formula in both the query position and the tabulated values,

and hence differentiable in both. Differentiating with respect to the query position gives the sensitivity to where the aircraft is,

while differentiating with respect to the tabulated values themselves gives ∂EF/∂q, one number per grid point, which is the155

object Section 5 uses.

The main difficulty is the model’s discrete decisions. Table 1 distinguishes three types. A jump changes EF discontinuously.

A kink leaves EF continuous but changes its slope abruptly. A table lookup selects a constant from a finite set; the selected
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Table 1. Discrete operations and their effects on differentiation. A jump changes EF discontinuously; a kink changes its slope while leaving

its value continuous. A gather is a table lookup whose selected value is constant between boundaries. The first three rows can change which

contrail segments contribute, or for how long. RHi is relative humidity over ice, with RHi = 1 denoting saturation. A habit is an ice-crystal

shape class; SAC is the Schmidt–Appleman criterion.

Decision Test Effect on the derivative

Formation (SAC) T < Tcrit, the Schmidt–Appleman

threshold temperature

jump: a contrail exists or does not

Initial persistence ice water content and RHi thresholds jump: the new contrail lives or

dies

End of life six conditions that must all hold for

the contrail to live on: age, optical

depth, ice number density, altitude,

segment length and latitude within

their limits

jump: accumulation stops

Humidity correction, boost step (Sect. 2.4) RHi/rhi_adj≥ 1, the test ap-

plied after the division

kink: EF unbroken (a power of 1

is 1), slope not

Habit-class selection integer table lookup gather: derivative exactly zero

between boundaries, EF stepping

at one

constant has zero derivative between selection boundaries and can jump at a boundary. Derivatives within each smooth region

remain meaningful, but they cannot be extended through a discontinuity. Weather interpolation also changes slope at grid-cell160

boundaries. Derivative checks therefore compare evaluations within the same smooth region.

We can now say precisely what the gradient of this model is. Write the contribution of segment i as a product: an indicator

that is 1 if the segment forms a contrail and 0 otherwise, a second indicator that is 1 if that contrail persists, and the forcing

ei(z) it accumulates over its life. Summing over segments,

EF (z) =
∑

i

1[SACi(z)] 1[persisti(z)] ei(z), (1)165

where z is the flight’s altitude profile. The indicators are the first two jumps of Table 1, written explicitly. The third, end of life,

is not written out: it sits inside ei(z), deciding how many steps that segment accumulates before it stops. It is a jump of the

same kind. On the test flight examined below the formation test never changes its answer, so every jump there comes from the

two later tests.

Differentiating Eq. (1) with respect to z shows what the derivative can and cannot see. An indicator is constant almost ev-170

erywhere: nudge the altitude slightly and a segment that was forming a contrail is still forming one, so the indicator contributes
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nothing to the derivative. What survives is

dEF

dz
=

∑

i

1[SACi] 1[persisti]
dei
dz

, (2)

a sum of the sensitivities of the contributing contrail segments. Here “currently” refers to the baseline simulation being differ-

entiated, including its entire contrail history. It does not mean the contrails present at a single instant, or contrails left by other175

flights. The derivative includes changes in ice properties, geometry, radiative forcing and weather sampling, while the discrete

formation and survival decisions stay unchanged. Figure 2 shows exactly this measured on a test flight (a synthetic 20-waypoint

trajectory whose forcing is far below a real flight’s, hence the gigajoule rather than terajoule scale of the figure): EF against a

uniform shift of the whole profile is a staircase of smooth pieces, and the reverse-mode slope is tangent to whichever piece the

flight is on. This is the exact derivative within each smooth region. It describes changes to the baseline contrail history while180

the discrete decisions remain fixed; it does not describe the appearance or disappearance of a contrail at a threshold.

An example illustrates this distinction. Suppose a flight is currently laying persistent contrails along the middle third of

its cruise, and consider raising it slightly. If the air above is drier and the discrete decisions remain unchanged, the derivative

describes the resulting local change in their forcing. Now suppose that instead of a slight rise the aircraft climbs 600m, and that

at the new altitude a stretch of the flight that had been forming nothing crosses the formation threshold and begins to lay contrail.185

EF jumps upward. Nothing in the derivative measured at the original altitude anticipated that jump, and no derivative could

have, because EF is genuinely discontinuous there. This limitation comes from the discrete decisions in CoCiP. Automatic

differentiation faithfully follows those decisions; it does not replace them with smooth transitions.

The campaign in Section 4 considers altitude changes of 1000 ft and 2000 ft: finite changes, large enough to cross model

thresholds, so the gradient serves as a local guide for placing a candidate manoeuvre window. Whether that manoeuvre reduces190

forcing is then determined by running the full model at the proposed profile. This use of the gradient is a placement heuristic,

not a claim that it identifies the best possible window.

Returning from operations to the code, one implementation detail explains why Eq. (2) emerges from it automatically.

A conditional written as an ordinary Python if cannot be used here, because the code is compiled once and run over whole

batches of flights, so the values being compared are not known when the program is recorded. Every branch is therefore written195

as a where: an operation that evaluates both alternatives and then selects between them element by element. The derivative

of where(c, a, b) is where(c, da, db), that is, the same selection applied to the two branch derivatives, with the condition c

contributing nothing. Applied at each of the 124 such branches in the reimplementation, that rule is what produces Eq. (2).

2.3 The adjoint of the simulation

The forward pass answers “what is the forcing?” The backward pass answers “how would a small change to each input change200

that forcing?” For example, a change in ice content at an early time step affects both the radiation at that step and the later

evolution of the contrail. The backward pass accounts for both paths by applying the chain rule from the final output back to

the inputs. JAX constructs this calculation from the forward code.
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2.3.1 The chain rule over a simulation

Write the flight’s altitude profile as the control vector u (the profile z of Eqs. (1)–(2), renamed to follow the control-variable205

convention of data assimilation) and the plume state at step k as xk, so that one evolution step of Section 2.1 is xk+1 =

Fk(xk,u) for the K integration steps k = 0, . . . ,K−1, and the accumulated forcing is EF =
∑K−1

k=0 gk(xk,u), the sum running

over the steps actually integrated, so that the state after the last step adds nothing. Now let λk denote the sensitivity of the final

EF to the plume state at step k: in words, if the ice content or depth at step k were changed by a small amount, λk says how

much the flight’s total forcing would change. That sensitivity can be computed backwards. The last state influences only the210

forcing still to be accumulated, while an early state influences everything downstream of it, so λk is obtained from λk+1 by

accounting for how step k feeds step k+1, plus step k’s own direct contribution to the sum: with λK = 0,

λk =
(∂Fk

∂xk

)⊤
λk+1 +

∂gk
∂xk

,

∂EF

∂u
=

(∂x0

∂u

)⊤
λ0 +

∑

k

[(∂Fk

∂u

)⊤
λk+1 +

∂gk
∂u

]
.

(3)

The initialisation term (∂x0/∂u)
⊤λ0 accounts for any dependence of the initial plume state on the inputs; it is zero if that state

is fixed. The same chain rule applies when u is replaced by the humidity field q or the parameter vector θ. Equation (3) is the215

adjoint recurrence (Fig. 3), standard in variational data assimilation (Le Dimet and Talagrand, 1986; Talagrand and Courtier,

1987; Errico, 1997). It requires one backward sweep through the evaluated computation. There is no additional model run for

each component of u. A forward derivative, whether finite-difference or tangent-linear (the derivative carried forward through

the model alongside the values, reverse mode’s forward-mode counterpart), perturbs one input at a time, so it must rerun once

per input. Reverse mode starts from the single output and pushes its sensitivity backwards through each operation exactly once,220

every input collecting its gradient during that one traversal. For a fixed forward calculation and one scalar output, the backward

work is a small multiple of the forward work. The input dimension still affects storage and the cost of producing the gradient

array, but it does not multiply the number of simulations. This makes gradients over millions of humidity values practical.

The price of reverse mode is memory rather than arithmetic: the backward pass consumes the stored intermediate values of

the forward pass, a cost that grows with the length of the recorded computation. At the sizes used here, whole days of flights225

evaluated in batches, that storage fits on a single GPU without having to recompute parts of the forward pass to save memory,

and the measured costs of Section 3 include it.

2.3.2 Keeping inactive branches numerically safe

This rule guards against a failure mode that silently corrupts gradients and that any differentiation of a thresholded model will

encounter. A where evaluates both of its branches and then selects, which running forward is harmless: the branch not taken230

is computed, discarded and never seen. In reverse it is not. Take where(x > 0,
√
x, 0) at a negative x, which happens routinely,

the whole point of the branch being to avoid that case. The discarded value is NaN, not-a-number, and selecting between

the two branch derivatives does not dispose of it, because the derivative of the discarded branch is formed before anything is

selected and a floating-point product 0×NaN is NaN rather than zero. One NaN entering the backward pass then propagates
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into every gradient downstream, destroying derivatives that are mathematically perfectly well defined. The cure is to make the235

branch not taken evaluate something safe, where(x > 0,
√

where(x > 0, x, 1), 0): the value is unchanged, since for x≤ 0 the

outer where still returns 0, while the discarded computation is now
√
1, whose derivative is finite and is then multiplied by

zero as intended. The released reimplementation applies this guard wherever a discarded branch can go non-finite, and the test

suite asserts finite gradients on the scenarios it covers (Sect. 2.5); three paths reached only at fleet scale were guarded after the

campaign had run, and Appendix A2 records what that cost.240

2.3.3 Optional smoothing for optimisation

The release also includes an optional smoothed model for optimisation. It replaces on/off indicators with sigmoid transitions,

providing slopes near thresholds that the original indicators do not provide. This changes the model used during the search. A

candidate found with smoothing must therefore be evaluated again with the original switches. We call this original version the

hard model; “certified” in the figures means evaluated by that model with smoothing disabled. It denotes a model evaluation,245

not an operational safety certification.

All numerical results in this paper use the hard model. The altitude campaign evaluates a fixed set of manoeuvres and does

not use the smoothed model to optimise a continuous trajectory. Continuous optimisation is the subject of a companion study.

2.4 Scope of the released model

The release reproduces the per-flight trajectory configuration of Cocip in PYCONTRAILS v0.63.3. It does not include grid-250

ded CoCiP. Unsupported optional microphysics treatments raise an explicit error. Input conventions, including longitude

range, vertical coordinate and radiation units, are documented in docs/model.md, docs/porting-rules.md and

DEVIATIONS.md. Two aspects of this scope are particularly relevant to the use cases below.

The first boundary is where the derivatives stop. Aircraft performance and emissions are consumed by the model rather than

computed by it, and only two emitted species reach its physics: the water vapour emission index, which enters the Schmidt–255

Appleman mixing-line slope and the exhaust water loading that sets the initial ice water content, and the non-volatile particulate

matter (nvPM) number emission index, the number of soot particles emitted per kilogram of fuel, which enters through the

activated fraction, the fraction of those particles on which ice forms, and so sets the initial ice-particle number. The derivatives

reach these two inputs and stop there; a sensitivity of EF to fuel composition, engine technology or aircraft type would be this

adjoint composed with the adjoint of a performance and emissions model, and that second factor is not part of this release. The260

ambient cirrus optical depth is likewise consumed as a prepared input field, so no derivative flows through it, and the humidity

sensitivities of Section 5 hold the ambient cirrus fixed. The two emission inputs the derivative does reach are not equally well

checked: the nvPM number derivative carries the finite-difference check of Section 2.5 and the water vapour index does not, so

a sensitivity to the latter is differentiable on the same footing but has not been verified against an independent computation.

The second boundary is the humidity correction, because two of the use cases differentiate through it. Specific humidity265

is corrected wherever it is read, at the waypoint, at contrail initialisation, and at every integration step, because reanalyses

underestimate ice supersaturation (Sect. 1). The correction is the exponential-boost scheme of Teoh et al. (2022): the relative
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humidity over ice (RHi; RHi = 1 is ice saturation) is first divided by rhi_adj; where the result is at or above saturation it is

then raised to the power rhi_boost_exponent and clipped at clip_upper; and specific humidity is recovered from the

corrected RHi. The defaults are rhi_adj = 0.97, rhi_boost_exponent = 1.7 and clip_upper = 1.7 in RHi. Where270

the paper speaks of the humidity correction as one of the model’s uncertain constants, it means the first of those coefficients,

rhi_adj, and not the scheme as a whole.

2.5 Verification

The test suite runs the reference implementation, held at PYCONTRAILS v0.63.3, side by side with the reimplementation and

compares their outputs at three levels, each tolerance fixed before the first comparison was run: every ported subroutine to275

a relative 10−12, the step-by-step contrail histories to 10−6, and the end-to-end EF to 10−4, each level looser than the last

because it accumulates the arithmetic of the ones before it. On the campaign’s busiest day (17,406 flights), every one of the

6,418 contrail-forming flights meets the end-to-end tolerance against a serial reference run, with a median per-flight difference

of 2.0× 10−8, and no flight forms a contrail in one implementation but not the other.

The reverse-mode derivatives are checked the same way, against central finite differences, over every input the use cases280

differentiate and over two of the six constants of Section 6 that the test flight exposes directly; the largest disagreement the

suite records is a relative 1.5× 10−8. All six constants are checked again, the same way, on the campaign flights of Section 6.

Because the model has jumps and kinks, a comparison is skipped whenever its two nudged evaluations fall on opposite sides of

one, decided from which waypoints form and survive rather than from how far the answers differ, and a comparison whose EF

is identically zero is not counted either. Two safeguards sit behind the suite: a recorded run per module in which the code was285

deliberately broken and the tests rejected it, and a dated ledger of every known deviation from the reference implementation.

One defect survived into the campaign record rather than into the released model, and Appendix A sets it out: for 38 of

the 398,467 campaign flights (<0.01 %), the backward pass as run returned non-finite gradients, from three code paths since

guarded. What these checks verify is narrow. It is that the reimplementation computes the reference model’s forcing, and that

its derivatives are the derivatives of what it computes; whether the reference model is right about the atmosphere is a separate290

question that this paper does not address.
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one flight → a chain of segments; waypoints
segment i

1. Formation (SAC):
does a contrail form?

2. Wake-vortex phase:
first few minutes

3. Persistence:
is the air ice-supersaturated?

4. Evolution, one step of ∆t:
advect · shear · diffuse · sediment

Radiative forcing this step

5. End of life:
too old, thin or diffuse?

EF =
∑

segments

∑
steps

(
radiative effect

)
×∆t

yes

yes

yes

no: no contrail

no: dies

carry the
plume state to

the next step

no: take
another step

Figure 1. How CoCiP computes one flight’s energy forcing. Each segment joins two consecutive flight waypoints. Formation and initial-

persistence tests determine whether its exhaust enters the evolution loop. Surviving contrails move with the wind and change their ice content

and dimensions; their radiative contribution accumulates until an end-of-life test stops the calculation. Summing over time and flight segments

gives EF in joules. The red outlines mark the three groups of yes-or-no tests that can introduce jumps in EF . Table 1 lists all six end-of-life

conditions; the drawing shows three examples.
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(b) every break above is a contrail death
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(c) the piecewise derivative across the corridor

Figure 2. Energy forcing and its derivative as a synthetic 20-waypoint flight is shifted vertically. All panels use the same uniform offset ∆z,

scanned in 5m steps over ±600m. (a) EF from the unmodified model (labelled “Certified”), with automatic-differentiation slopes at −300,

0 and +300m. Each slope is tangent to its local smooth piece. (b) Number of contributing survival states: one segment-step is counted for

each segment alive at each 30min step. Grey lines mark changes in this count. All nineteen segments pass the formation test throughout the

scan, so the changes arise from persistence and lifetime. (c) The local derivative dEF/d(∆z). Its sign and magnitude need not describe the

trend across several jumps. The synthetic flight’s forcing is shown in gigajoules, whereas the real-flight examples below use terajoules.
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weather q (differentiable interpolation) · parameters θ

controls u x0 x1 x2 · · · xKF0 F1 F2 FK−1

g0 g1 g2

quadrature: EF =
∑
k

gk(xk, u) EF

fo
rw

ar
d

re
ve

rse

λK· · ·λ2λ1λ0

(
∂Fk/∂xk

)⊤

+ ∂gk/∂xk backward sweep, λK = 0

∂EF

∂u
— trajectory controls

∂EF

∂q
— met field ∂EF

∂θ
— parameters

Figure 3. Forward simulation and backward sensitivity calculation. Top: each step updates the plume state xk and contributes to the energy-

forcing sum. Trajectory controls u, weather q and parameters θ affect this calculation. The controls are drawn entering once for readability,

but may affect initialisation and subsequent steps. Bottom: the adjoint propagates sensitivities backwards and accumulates derivatives for all

three input groups. The terminal sensitivity is λK = 0 because the final state adds no separate forcing term. The derivative of each step’s

forcing contribution supplies the source term in Eq. (3); the arrow from EF marks the start of the reverse calculation.
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3 The model at fleet scale

The three use cases need a common setting: a fleet, a day, a weather extract and a model configuration. This section fixes it,

and measures what evaluating and differentiating a whole day of traffic costs.

Traffic comprises all EUROCONTROL flight plans filed for the European core area (35◦ to 60◦N, 10◦W–30◦E) above295

15000 ft on the 28 campaign days (the weeks of 1–7 January, 8–14 April, 8–14 July, and 7–13 October 2024), resampled

to 60 s waypoints. We use filed plans rather than flown trajectories, the traffic record available to us, and call each flight’s

unmodified altitude profile its filed profile; per-day evaluated counts range from 7,182 to 17,406 after filters that drop flights

outside the spatial window or operated by aircraft types the performance model does not support. Since a filed plan gives a

route and a level but no fuel burn, aircraft performance (true airspeed, fuel flow, engine efficiency, mass) is computed with the300

Poll–Schumann model (Poll and Schumann, 2021a, b) as implemented in PYCONTRAILS, and soot is not resolved per engine:

every flight is given the same nvPM number emission index of 1.5×1015 kg−1 of fuel and fixed fuel constants representative of

Jet A, so the shortlists do not represent engine-specific differences in soot emissions. Aircraft performance and geometry still

differ between aircraft types. Flight-plan data are proprietary to EUROCONTROL; all statistics reported here are aggregates,

and no flight identifiers are published, the case-study flights of Sections 4.2 and 6 being reported by aircraft type and date305

alone.

The air those flights fly through is the ERA5 reanalysis (Hersbach et al., 2020), on its native 0.25◦ latitude–longitude

grid, hourly, on the eight pressure levels from 150 hPa to 400 hPa that span the cruise band. Each day is extracted over a 30 h

window so that late departures and their contrails remain inside it, and each extract is 31×8×101×161 points in time, pressure

level, latitude and longitude, so the specific-humidity field alone carries 4,032,728 values. That count is the input dimension310

of ∂EF/∂q, and the reason a finite-difference version of it is out of reach. Specific humidity is corrected with the scheme of

Section 2.4 at its default coefficients (rhi_adj = 0.97, boost exponent 1.7), a correction of ERA5’s known ice-supersaturation

biases anchored to measurements from instrumented in-service airliners (the IAGOS programme) (Teoh et al., 2022).

The campaign uses the default 30min integration step and a maximum contrail age of 3 h. The latter is shorter than the library

default of 20 h and reduces the number of plume-evolution steps. A longer simulation also needs weather from consecutive315

daily extracts. Contrails leaving the regional domain are terminated at its boundary, irrespective of the age cap.

These numerical settings affect the results. Appendix B shows that a finer integration step changes absolute forcing but

retains most of the warming captured by the shortlist on the day tested. Extending the age cap changes both forcing totals and

shortlist membership. All comparisons below use the same configuration on both sides, making them internally consistent.

This does not establish that their magnitudes or rankings would be unchanged with a longer age cap.320

We measured computational cost on eight benchmark days from 2024, with two days per season. The following medians

exclude a one-off compilation of 2 to 14 minutes. On one NVIDIA RTX PRO 6000 Blackwell GPU, evaluating EF for a day

of traffic takes about 18 s; evaluating EF and the full altitude gradient takes about 19 s. On a 24-core Intel Xeon w7-3545,

the corresponding times are 24 s and 99 s. The additional backward calculation therefore costs about 1 s on the GPU and 75 s
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on the CPU: figures specific to this hardware, batching and model configuration rather than universal overheads, but ones that325

show the altitude gradient can be computed alongside forcing at fleet scale.

4 Use case 1: the altitude gradient

For each waypoint altitude zi, the gradient entry ∂EF/∂zi describes the local change in total forcing when that altitude

changes and the other CoCiP inputs are held fixed. A negative entry favours a small climb at that waypoint, a positive one a

small descent; a large magnitude, meanwhile, identifies a location where the baseline prediction is locally sensitive to altitude.330

We use this information to place an altitude-change window within a flight, then evaluate full manoeuvres of 1000 ft and

2000 ft. The campaign serves two purposes: it demonstrates this placement method at fleet scale and measures how well a local

linear prediction describes the evaluated finite changes. It does not seek an optimal continuous trajectory. Appendix A gives

the full protocol.

4.1 Fleet evaluation across four seasons335

We evaluated every flight of the 28 days that survives the filters of Section 3, 398,467 filed flight plans in all. Daily totals vary

by more than an order of magnitude (gross warming between roughly 19PJ and 576PJ), and warming and cooling can nearly

cancel (on one July day the net forcing is a tenth of the gross), which is why fleet-level shares in this paper are quoted against

gross warming (Section 2.1). The campaign rests on one premise, that a day’s warming concentrates in a small minority of its

flights, and it holds on every one of the 28 days: the top 1 % of flights by evaluated EF accounts for a median of 26 % of daily340

gross warming and at least 15% on every day; summed over the whole campaign it is 23.4 %.

The campaign has two stages. First, the screening stage computes every flight’s EF and selects the highest-forcing 1 % of

flights on each day. Second, the evaluation stage compares eight candidates for each selected flight:

– four whole-cruise shifts: −2000, −1000, +1000 and +2000ft, retaining the shape of the filed cruise profile;

– four windowed shifts of the same sizes, which leave the filed level over part of the cruise and return to it afterwards.345

For the windowed candidates, we accumulate |∂EF/∂zi| along the route. The window runs between the points at which this

cumulative sum reaches 10 % and 90 % of its total, with entry and exit ramps added as described in Appendix A2. Thus

the gradient determines the window, while both climb and descent candidates are evaluated. Its sign does not exclude either

direction.

Aircraft performance and fuel are recomputed for each candidate with the Poll–Schumann model. The reference CoCiP350

implementation then evaluates the candidate’s forcing. We retain the candidate with the lowest EF if it improves on the filed

profile. Fuel change is reported separately; it is not the selection objective. Credited avoided warming is capped at the filed

flight’s positive forcing, so cooling beyond zero receives no additional credit.

Across the four weeks, 3,973 flights were shortlisted and 3,958 had a candidate that reduced forcing. Of these 3,958 flights,

3,402 (86 %) selected a whole-cruise shift and 556 (14 %) a windowed shift. The median reduction relative to each flight’s355
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own filed forcing was 95 % for the former group and 70 % for the latter. These two medians come from different selected

groups, so comparing them does not estimate the benefit of window placement specifically. The comparison below assesses

linear predictions using all evaluated windowed candidates, including those not selected.

4.2 Accuracy of first-order predictions for altitude changes

For a candidate with altitude changes ∆zi, the gradient gives the first-order prediction360

∆EFpred =
∑

i

∂EF

∂zi
∆zi. (4)

The evaluated change is ∆EF = EFcandidate−EFfiled. Both quantities use the same sign convention: a negative value means

a reduction. Equation (4) extends the local slope at the filed profile over the full proposed altitude change; the model evaluation

follows the candidate’s actual contrail history.

We compare these quantities for the windowed candidates at each size, including both directions for every shortlisted flight.365

None of the 38 flights with non-finite campaign gradients reached the shortlist (Appendix A2), so each size has two candidates

for each of the 3,973 shortlisted flights: 7,946 candidates in all. The pooled fitted slope of evaluated versus predicted change is

0.13 at 2000 ft and 0.45 at 1000 ft. The latter is 3.5 times larger (Appendix A3). A slope of 0.13 means that the fitted response

is about one eighth of the linear prediction. It is not a per-flight ratio or a correction factor that makes every prediction accurate.

This discrepancy is consistent with the model’s threshold structure: an altitude change can stop an existing contrail, create370

one elsewhere or change its lifetime. Smooth nonlinear responses can also depart from a straight-line extrapolation. In addition,

candidate evaluations recompute aircraft performance, whereas the CoCiP altitude derivative does not differentiate through that

performance model (Sect. 2.4). The comparison therefore measures the predictive value of the gradient in the full candidate

workflow; it does not attribute every discrepancy solely to a threshold crossing.

The sign can differ as well. Among all 3,958 flights with a selected improvement, 1,299 (33 %) selected a candidate for375

which the gradient predicted an increase in forcing. This fraction ranges from 20–48 % across the four weeks. Unlike the fitted

slopes above, this statistic includes selected whole-cruise as well as windowed candidates.

Figure 4 dissects one intervention of each kind end to end, on a common three-row layout: the vertical cross-section (“cur-

tain”) of RHi along the track, with the filed and reprofiled profiles; the evaluated per-waypoint forcing before and after the

manoeuvre; and the altitude gradient that placed the manoeuvre window. The first example shows agreement between the380

direction favoured by the gradient and the evaluated outcome; the second shows a reversal.

Figure 4a shows a case with agreement: a Boeing 747-8 freighter (ICAO type B748) crossing the Iberian peninsula on

1 January 2024 through moist air with drier air above it; the reprofiled stretch at flight level 350 (FL350, i.e. 35000 ft pressure

altitude) sits in drier air than the filed FL330 over most of its length. The gradient favours climbing, and the evaluation agrees:

every climb candidate beats the filed profile, and the windowed 2000 ft climb shown removes 784TJ of the flight’s 1152TJ385

while saving 243 kg of fuel, the higher level sitting nearer the aircraft’s optimum. The agreement is not uniform along the track:

one waypoint near 1400 km carries a large positive spike, a place where a climb would thicken the contrail rather than thin it,
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Figure 4. Two interventions in detail: (a) agreement, a B748 on 1 January 2024, in which the gradient’s prediction and the evaluated outcome

agree; (b) a reversal, an A306 on 4 January 2024, in which they disagree. Top: relative humidity over ice (RHi; 1 is ice saturation, after the

humidity correction of Sect. 2.4) along the track, as a vertical cross-section in flight level (hundreds of feet of pressure altitude), with the filed

and reprofiled profiles; the filed profile is hidden where the two coincide, and the green contour marks ice saturation. Middle: evaluated per-

waypoint forcing before (grey fill) and after (orange) the manoeuvre. Bottom: the altitude gradient of the filed profile, the quantity that placed

the manoeuvre window (negative values favour climbing); it is not recomputed for the reprofiled trajectory. In (a) a 2000 ft windowed climb

moves the cruise into markedly drier air, as the gradient predicted; in (b) a 2000 ft windowed descent drops the flight out of the supersaturated

layer at its lower edge, against the gradient’s prediction. Both panels plot the windowed candidate, which isolates the manoeuvre window;

on the flight in (b) the candidate the workflow keeps is the whole-cruise descent, which removes slightly more for more fuel.
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but it lies at the edge of the window and the gradient summed over the window still favours climbing. This example illustrates

agreement in direction; the full evaluation supplies the magnitude of the reduction.

Figure 4b shows the exception: an Airbus A300-600 freighter (A306) on 4 January 2024, the winter week’s largest evaluated390

reduction. Over the first two thirds of the track the aircraft flies at its filed FL320, within ice-supersaturated air; the gradient’s

magnitude concentrates there, the window is placed there, and the gradient’s sign, summed over the window, points to a climb.

The evaluated best manoeuvres are nevertheless the descents: the windowed 2000 ft descent shown removes 915TJ of the

flight’s 1289TJ for 108 kg of additional fuel, the whole-cruise descent, the candidate the workflow selects here, removes

slightly more at 184 kg, and both beat every climb. The middle panel shows where that reduction comes from: over the first395

part of the track the descent removes the flight’s forcing outright, and it adds a little back late, where the reprofiled trace runs

above the filed one. The local slope and the evaluated descent answer different questions. At the filed profile, the slope favours

a small climb. The full descent to FL300 instead reaches the lower edge of the supersaturated layer and removes persistent

contrails over part of the track. That threshold crossing is not described by the local slope. The humidity cross-section helps

explain the descent’s benefit, but does not by itself establish why the total local derivative favours climbing. Both the original400

profile and the proposed profile must be evaluated to quantify the finite change.

These examples explain why the workflow evaluates both directions. The gradient supplies a candidate window and a local

prediction; the full evaluation determines the result of each finite manoeuvre. The principle resembles model-management

approaches in which an approximation proposes candidates and a full calculation evaluates them (Alexandrov et al., 1998;

Peherstorfer et al., 2018). Here the approximation is the local linear response, rather than a separate reduced model. The405

experiment supports this propose-and-evaluate use of the gradient; it does not establish that its window is globally optimal.

5 Use case 2: forecast sensitivity

The second use case asks which humidity values influence a flight’s forcing. The input q is the entire four-dimensional humidity

array: longitude, latitude, pressure level and time. Each component of ∂EF/∂q describes a small change to one stored grid

value, with the other inputs fixed. Computing the complete gradient by central finite differences would require two model runs410

for each of the 4,032,728 values. Reverse mode obtains it in one backward pass.

We compute that pass for the flight this paper already follows, the A306 of Section 4.2, on its own day and on the full

campaign grid. The extract is a reanalysis, so its fields are reconstructions of past weather rather than forecasts; the same pass

on a forecast field would give that forecast’s own sensitivity, with the plume positions following the forecast winds. It returns

∂EF/∂q: for every one of the 4,032,728 humidity values in the extract, the change in this flight’s forcing per unit change in415

that value, all obtained together. Specific humidity is a mass fraction, so each is a number of joules per kilogram of water per

kilogram of air, and the largest is 5.4× 1017 in those units. The result is extremely sparse. Only 2,196 values (0.054 %) are

non-zero, spanning 685 of the 16,261 horizontal grid columns and confined to the 250 hPa and 300 hPa pressure levels, two of

the extract’s eight (Fig. 5). This sparsity follows from the local weather interpolation. Each lookup uses the neighbouring grid

points in four dimensions, giving sixteen corners per interpolation stencil. Only values connected to the contributing contrail420
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history can have non-zero sensitivity. Even a value that is read can have zero derivative if its effect is blocked by an inactive

branch or a clipped correction. Thus, a zero entry means no first-order effect in this baseline calculation; it does not prove that

a large humidity change there could never matter. The non-zero entries in this example lie within the two stated pressure levels

and along the plume’s drift over the 3 h maximum life. A longer contrail history can involve more locations and times.

The sensitivities are spot-checked against finite differences on this grid: ten randomly chosen nonzero entries agree to better425

than one part in a million, and perturbing zero-entry cells leaves EF exactly unchanged.

The sensitivity map extends beyond the flight track, following the sequence of positions the contrails occupy as the wind

carries them, several hundred kilometres east of where the aircraft flew, one arc per hour of the extract, since each hour’s field

is read only where the plume sits at that hour. The dependence therefore runs forward in time as well as outward in space: the

forcing depends on the humidity where the contrail will be over its hours of life, not where the aircraft is, and the adjoint is the430

object that carries those future positions, having been computed backwards through the advection.

Two details fix what this map means. First, the quantity being differentiated: the stored reanalysis humidity values, not an

independently varied corrected field, since the humidity correction sits inside the computation and the chain rule already carries

its effect, leaving the gradient with respect to the uncorrected input array. Second, the map is local, valid for the filed flight and

its baseline contrail history. Humidity changes large enough to alter formation or survival can produce effects that this map435

does not predict.

The map also has a quantitative use. Forecast humidity error is not small (Gierens et al., 2020; Teoh et al., 2022), and

its statistics are, in data assimilation practice, summarised by an error covariance B, the symbol data assimilation uses: a

matrix stating how wrong each humidity value tends to be, and which values tend to err together. Given B and the gradient

g = ∂EF/∂q, first-order propagation gives the resulting uncertainty on the forcing as Var(EF )≈ g⊤Bg: one number per440

flight, the variance of its predicted forcing induced by forecast humidity error, obtained without additional contrail-model runs

once the gradient and covariance are available. Because the gradient is sparse, only the few thousand cells that carry it ever

enter the product. We do not test the product against a forecast ensemble here, a set of forecasts whose spread is used to

estimate forecast uncertainty; the Discussion sets out how that would be done.
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Figure 5. The A306’s forcing sensitivity on the real campaign grid, from one backward pass along the filed profile. (a) |∂EF/∂q|, normalised

to the field maximum, reduced by taking the maximum magnitude over pressure levels and hours; the flight track in blue, with a circle at its

start. The repeated arcs east of the track are the plume at successive hours of the extract: the forcing depends on humidity where the contrail

will be, not where the aircraft is. 2,196 of 4,032,728 values are non-zero; the panel annotation counts columns instead, those values falling

in 685 of the 16,261 horizontal grid columns. The view is zoomed to the active region: the extract spans 10◦ W–30◦ E and 35◦–60◦ N, and

the field is zero everywhere outside the view. (b) The same field’s maximum magnitude at each pressure level, taken over all cells and hours

and normalised to the largest level: the entire sensitivity lies on the 250 hPa and 300 hPa surfaces.

6 Use case 3: parameter sensitivity445

The final use case compares the local influence of six empirical constants (Table 2). These constants describe processes that Co-

CiP does not resolve explicitly, such as turbulence and humidity correction. One backward pass per flight returns the derivative

of EF with respect to all six.

This is a selected parameter set, rather than an exhaustive sensitivity analysis. We keep the humidity boost exponent and

upper clip fixed; these act only in particular humidity regimes, whereas rhi_adj rescales humidity on each read before450

boosting and clipping. The ice-number floor is also excluded because it is inactive at the soot levels used here. A parameter

can have zero local sensitivity where the relevant process or branch is inactive; such a zero does not make its sensitivity

mathematically invalid.

The ranking measures the response to a relative parameter change. Determining which parameter contributes most uncer-

tainty would need more than that: estimates of each parameter’s own uncertainty, and of how the parameters depend on one455

another. Deciding which measurement would be most useful runs into the same limit, needing information beyond the deriva-

tive alone.
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Table 2. The six uncertain scalar constants of CoCiP whose elasticities Section 6 ranks, with the names the reference implementation gives

them. Each stands in for physics the model does not resolve. The last column records where the constant’s derivative was compared with

central finite differences: “suite” is the frozen gate of Section 2.5 and “flights” the check of Section 6, which covers all six, so the two marked

both are covered twice. All six meet the reported numerical checks.

Constant Stands in for FD check

Humidity correction (rhi_adj) the rescaling of the reanalysis humidity each time the model

reads it (Section 2.4)

flights

Sedimentation impact factor how strongly falling ice crystals deepen the plume suite, flights

Initial wake-vortex depth the depth of the young contrail when the wake-vortex phase of

Section 2.1 ends

suite, flights

Shear-enhancement exponent the amplification of the gridded wind shear that stands in for

fluctuations the grid cannot resolve

flights

Turbulence scale the assumed magnitude of turbulent vertical air motion flights

Effective vertical resolution the depth over which the weather data are treated as resolving

vertical structure, which sets how sharply humidity and shear

may vary between levels

flights

We checked all six derivatives on the five winter case-study flights against central finite differences, using nine step sizes

spanning four decades. This gives 30 parameter–flight comparisons and 270 step-level checks. As in Sect. 2.5, comparisons

that cross a switching boundary are excluded. Every comparison agrees to within a relative 10−6 over at least four consecutive460

step sizes. At the closest agreement for each comparison, the relative difference is 1.0× 10−8 or smaller.

The natural unit for the answer is the elasticity θj/EF · ∂EF/∂θj : the percentage change in the flight’s forcing per one

percent change in constant θj . Elasticities are dimensionless, so constants with different units and magnitudes can be compared

on one axis: an elasticity of −6 means that a value one percent too high would have lowered the predicted forcing by about six

percent, and one of +0.1 that the same error moves the answer by a tenth of a percent.465

We compute all six elasticities for the five most-warming flights of 4 January 2024, the winter case-study day of Section 4.2,

at the campaign configuration (Fig. 6). Which constant leads is unambiguous and the same on all five flights, though the three

smallest overlap between flights and do not keep a fixed order among themselves. The humidity correction dominates at an EF -

weighted elasticity of −6.6 (per-flight magnitudes 5.1 to 9.7): the local linear response predicts a five-to-ten-percent change

in these flights’ forcing for a one-percent change in that constant. The sign is negative because the correction of Section 2.4470

divides RHi by this constant, so a larger value means drier air and less forcing; the magnitude is large, we suggest, because ice

growth and persistence depend on the excess of RHi over one, of which a one-percent rescaling of RHi is a far larger fraction.

Every other constant sits far below it. The next largest, the turbulence scale at +0.92, is a factor of seven smaller, followed

by the shear-enhancement exponent at +0.62. Nor is the ranking a property of one winter day: repeated on the campaign’s

summer day with the largest gross warming, on five summer flights, the same ordering of the six forcing-weighted elasticities475
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is recovered, with the humidity correction still dominant at −7.1 and only the small wake-vortex entry flipping sign. These

elasticities measure the local smooth response. Finite changes that cross thresholds need separate evaluation (Sect. 2.2).

The two humidity use cases describe complementary sensitivities. Section 5 varies individual weather-grid values and shows

where the prediction is sensitive, whereas rhi_adj changes the correction applied wherever humidity is read: its large elas-

ticity shows that this shared rescaling strongly affects the selected flights at the baseline configuration.480

Elasticity is a local measure. Global sensitivity analysis (Saltelli et al., 2008; Pianosi et al., 2016) addresses a different

question by sampling a specified range or distribution of parameter values. The adjoint makes the local calculation inexpensive

for each flight; it does not replace an analysis of responses across thresholds or across broad parameter ranges.

The parameter sensitivities demonstrated here provide a basis for calibrating CoCiP against observations of contrail evolu-

tion. A natural extension is to apply the differentiable formulation to observable properties, such as contrail width and optical485

depth, and to objectives measuring discrepancies between simulations and observations. Gradients of these objectives could

support the estimation of parameters controlling contrail spreading, turbulent mixing and sedimentation across multiple ob-

served contrails. This application, which is not evaluated here, would require accounting for observational and meteorological

uncertainties, relating model outputs to the measured quantities, and assessing whether the observations can distinguish the

effects of individual parameters. The optional smoothed formulation may ease optimisation when parameter changes cross490

formation, persistence or termination thresholds. Such calibration objectives still need to be developed and evaluated.
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10−1 100 101

|elasticity| = |θ/EF ⋅ ∂EF/∂θ|

humidity correction

turbulence scale

shear enhancement

vertical resolution

sedimentation factor

wake-vortex depth

elasticity of forcing to each model constant

per flight (5)
five-flight EF-weighted

Figure 6. Elasticity of each flight’s forcing to CoCiP’s six uncertain scalar constants, |θ/EF · ∂EF/∂θ|, for the five most-warming flights

of 4 January 2024 (Section 4.2; circles) and their aggregate weighted by each flight’s forcing (diamonds), log scale. Three of the five flights

sit within 0.2 of one another in the top row and overlap there. Filled markers denote negative elasticities, open markers positive; only the

humidity correction is negative, because raising that constant dries the air the model sees and so lowers the forcing. All six derivatives of one

flight come from a single backward pass.

7 Discussion

DIFFCOCIP adds local sensitivities to the forward CoCiP calculation. Its value differs across the three applications. For altitude

changes, the gradient identifies where a baseline flight is sensitive and can guide the placement of candidate manoeuvres. For a

humidity field with millions of values, reverse mode makes the complete sensitivity map practical. For a small set of empirical495

constants, finite differences remain feasible, while the adjoint returns the local ranking in one pass. These uses share a common

interpretation: the derivative describes the smooth response around the inputs of the evaluated simulation.

The altitude campaign illustrates why this interpretation matters. The fitted slope between evaluated and predicted changes

is 0.13 for 2000 ft windowed manoeuvres, and about one third of the selected improvements have a predicted change of the

wrong sign. The latter statistic includes both windowed and whole-cruise candidates. Neither result contradicts the derivative500

checks (Sect. 2.2): formation and survival thresholds, smooth nonlinearities and the recomputation of aircraft performance all

distinguish a finite candidate evaluation from the local CoCiP slope.

The campaign also separates flight screening from manoeuvre placement. Flights are selected by evaluated forcing. The

gradient is used only to place the windowed candidates; whole-cruise candidates require no gradient and are selected for 86 %

of the flights whose profiles change. The results therefore demonstrate a practical way to use altitude sensitivities, rather than505
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proving that gradient placement is necessary for avoidance or that it finds the optimal window. A continuous trajectory search

would pose a separate problem. The optional smoothed model supplies gradients near thresholds, and each resulting candidate

would still need evaluation with the hard model. A companion study examines that optimisation problem.

The humidity map opens a further application: first-order uncertainty propagation. With a humidity-error covariance B

and gradient g, the approximation Var(EF )≈ g⊤Bg can provide a forcing-variance estimate without evaluating CoCiP for510

every weather-ensemble member. This extends a standard forecast-sensitivity diagnostic (Langland and Baker, 2004) to contrail

forcing. It requires validation against the spread obtained by running the model across an ensemble, particularly where members

change formation or survival outcomes. The present paper establishes the required gradient, not the accuracy of that variance

approximation. A companion study addresses humidity uncertainty and this validation.

Several features of the experiment define the scope of its results. The weather is a reanalysis, and candidates are selected and515

scored against that same weather: the campaign does not measure performance under forecast error, a constraint that operational

trials identify as important (Dean et al., 2025; Sausen et al., 2024; Sonabend-W et al., 2024). Traffic, too, is bounded in scope,

comprising filed plans in one European region over four weeks of 2024, so the results are not observations of flown avoidance

manoeuvres, nor a global climatology.

The candidate set changes altitude while holding track and waypoint times fixed: it does not include lateral rerouting, nor520

interactions between flights such as traffic conflicts and shared airspace constraints. Aircraft climb capability and the speed

envelope are likewise unchecked beyond the performance model’s validity range, and the fixed fleet-wide soot number emission

index leaves out engine-specific emissions differences. Extending the workflow to operational planning would need to address

each of these.

The derivative inherits the forward model’s assumptions and uncertainties, especially those associated with humidity and525

contrail microphysics (Gierens et al., 2020; Teoh et al., 2022; Schumann et al., 2017). Numerical settings matter as well.

Appendix B shows that absolute forcing changes with the integration step, and that the 3 h age cap is shorter than needed

for convergence in the samples examined. A common configuration supports comparisons within this study, but does not

guarantee that those comparisons remain unchanged under a different configuration. We report energy forcing directly rather

than converting it to a single CO2 equivalent, which would require additional assumptions about climate response and contrail-530

cirrus efficacy (Bickel et al., 2020).

Operational trials have demonstrated that small vertical deviations can be flown (Sausen et al., 2024; Sonabend-W et al.,

2024), that contrail avoidance can be incorporated into commercial flight planning (Martin Frias et al., 2024), and that

dispatcher-led avoidance can work at network scale (Sankar et al., 2026). Efficient sensitivities could complement these work-

flows by pointing to the weather inputs that most influence forcing and by feeding the uncertainty estimates and candidate535

generation discussed above. Derivatives with respect to soot emissions could also quantify local responses to changes in the

emission inputs, subject to the performance and emissions boundaries described in Sect. 2.4. Evaluating these uses under

forecast error and operational constraints is the next step.

24

https://doi.org/10.5194/jecats-2026-20
Preprint. Discussion started: 21 October 2026
c© Author(s) 2026. CC BY 4.0 License.



8 Conclusions

DIFFCOCIP v1.0 provides a verified differentiable implementation of the per-flight CoCiP model. Reverse-mode automatic540

differentiation returns the sensitivity of a flight’s energy forcing to its waypoint altitudes, gridded humidity inputs and empirical

parameters. The forward calculation reproduces PYCONTRAILS v0.63.3 within the stated tolerances, and independent finite-

difference checks verify the local derivatives. In the reported GPU benchmark, computing a day’s forcing and altitude gradients

takes about 19 s, compared with 18 s for forcing alone.

The three applications give concrete uses for this capability. Altitude gradients provide a rule for placing candidate manoeu-545

vre windows, while full model evaluations determine whether the manoeuvres help. The campaign shows that finite flight-level

changes can differ substantially from local linear predictions. The humidity gradient locates a case-study flight’s sensitivity

within a small part of a four-million-value weather grid, including the later positions of its drifting contrails. Parameter elastic-

ities identify humidity rescaling as the strongest local influence among the six constants examined on the selected winter and

summer flights.550

These derivatives are exact within the model’s smooth regions, not across its jumps (Sect. 2.2), and so establish local re-

sponses, input attribution and candidate generation rather than predictions across thresholds. The released model and verifica-

tion suite provide a basis for further work on trajectory optimisation, forecast uncertainty and parameter estimation, with finite

changes checked against the full contrail simulation.

Appendix A: Campaign protocol and linearisation statistics555

This appendix specifies the campaign that Section 4 summarises: its two workflow stages, with the sign conventions and

counting rules they apply, and the statistics behind the linearisation error of Section 4.2.

A1 The screening stage

The screening stage answers one question per flight, cheaply enough to ask it of the whole fleet every day: how much does

this flight warm? One forward pass evaluates every flight’s EF (Sect. 3); each day’s flights are ranked by that evaluated EF ,560

and the top 1 % advance to the evaluation stage of Appendix A2. Ranking on the evaluated objective itself rather than on a

proxy is affordable because that pass takes seconds. Every flight in the resulting campaign shortlists has positive EF ; the few

shortlisted flights that end the week unreprofiled are those for which no candidate improves on the filed plan.

A2 The evaluation stage

Section 4.1 describes the eight candidates; two details of their construction belong here. Whole-cruise shifts preserve the filed565

step-climb shape, and the manoeuvre window of a windowed candidate is the contiguous waypoint band containing the central

80 % of the cumulative magnitude of |∂EF/∂zi|, with entry and exit ramps limited to 1000 ftmin−1 at the 60 s waypoint

spacing.
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One residual affects the gradient this placement needs. For 38 of 398,467 flights (<0.01 %), the backward pass returned non-

finite values in the campaign as run. The test suite of Section 2.5 checks that gradients are finite, but only on the test flights and570

weather it ships with; these 38 flights reached, at fleet scale, three code paths those tests do not exercise (in formation, humidity

scaling and interpolation), where an unguarded discarded branch produced NaN and, as Section 2.3 explains, contaminated the

whole gradient. All three were guarded after the campaign record was frozen, and re-running the 38 flights against the released

version returns finite gradients for every one of them, at forward EF unchanged. The campaign was not regenerated, so these

flights carry no gradient in the campaign record; they keep their forward evaluation and remain in all denominators, and their575

forward values agree with the reference implementation.

For every candidate, ground track and waypoint times are held fixed, so groundspeed is unchanged; true airspeed follows

from the winds at the new levels, and fuel flow, engine efficiency, and mass are recomputed by the Poll–Schumann model for

every candidate before evaluation by the reference implementation. The filed profile itself is re-evaluated through the same

pipeline and must reproduce the flight’s screening-stage EF within tolerance, tying the two stages together.580

For each candidate we report the evaluated change ∆EF = EFcandidate −EFfiled, so a negative ∆EF is a reduction of the

flight’s forcing, and the corresponding fuel change from the performance model. The gradient’s first-order prediction of the

same quantity is ∆EFpred =
∑

i(∂EF/∂zi)∆zi with ∆zi the candidate’s actual altitude changes; comparing the two on the

same candidates is how the linearisation’s error is measured (Section 4.2). Because European semicircular cruising rules tie

the permissible flight levels to the compass direction flown (the magnetic track) (European Commission, 2012, Appendix 3),585

a 1000 ft offset lands on levels reserved for the opposite direction while a 2000 ft offset preserves parity, so for each flight the

two ±2000 ft yo-yos are its rule-compliant windowed candidates.

Per flight, the selected candidate is the one with the most negative evaluated ∆EF ; fuel is reported, not optimised. An

intervention is counted only when the flight’s filed profile warms (EF > 0) and the selected candidate lowers EF ; the credited

reduction is capped at the flight’s own forcing, so that pushing a flight past zero, or deepening a cooling contrail, is never590

credited as avoided warming.

A3 The linearisation error

The campaign’s evaluated outcomes are what measures the linearisation’s error. Regressing evaluated on gradient-predicted

∆EF over each week’s windowed yo-yos, of both sizes and both directions, gives a pooled slope of 0.13 at 2000 ft (95 %

interval 0.114 to 0.142) and 0.45 at 1000 ft (0.425 to 0.464), a factor of 3.5, over 7,946 candidates at each size (3,973 flights,595

two candidates each); the per-week slopes at 2000 ft run from 0.03 in autumn to 0.24 in winter. The interval is a block bootstrap

over flights rather than over candidates, since the two candidates from one flight are not independent draws. On the same

evaluated outcomes, the selected candidate is one whose predicted ∆EF was positive for 33 % of reprofiled flights (1,299 of

3,958; 20–48 % across the four weeks).

26

https://doi.org/10.5194/jecats-2026-20
Preprint. Discussion started: 21 October 2026
c© Author(s) 2026. CC BY 4.0 License.



Appendix B: Discretisation and age-cap sensitivity600

Two configuration choices of Section 3 truncate the physics for cost: the 30min integration step and the 3 h contrail age cap.

This appendix measures what each of the two decides.

B1 The integration step

On one benchmark day, stepping at 1min instead of 30min raised the day-total EF by 43 % with both implementations still

agreeing with each other; per flight the median |EF | change was 31 % (90th percentile 85 %), 286 flights changed the sign605

of their net forcing, and 153 flights formed persistent contrails at 1min that formed none at 30min. A sensitivity of that size

cannot be assumed to leave a top-percentile shortlist of a few hundred flights intact, so we checked: the shortlist chosen at the

coarse step captures 96 % of the gross warming that the shortlist chosen at the fine step captures, measured against the finer

step’s own totals. The absolute forcing is therefore sensitive to the discretisation while the ordering it induces, which is what

the workflow consumes, is largely not. This is one day and one pair of steps, and what it establishes is that the shortlist survives610

the coarser step, not that every quantity computed on the shortlisted flights would.

B2 The maximum-age cap

EF is likewise far from converged in maximum age at 3 h, and for the flights whose contrails are still alive at that cap the

gap to the converged answer is larger than the integration-step effect of Appendix B1. We reran 400 flights of a winter day

and 400 of a summer day, chosen to span the range of forcing values rather than to represent the fleet, at a series of increasing615

age caps from 3 h to 30 h, on weather stitched from three consecutive daily extracts so that no contrail is ended by the edge

of the weather file; summed warming rises by 125 % and 61 % respectively between the two ends (the samples are not fleet-

representative, so their rise is not the fleet’s). Both plateau by 10 h, however: beyond it the totals move by less than 0.02 %,

and the 20 h and 30 h sums are identical to the last digit on both days, no contrail in either sample surviving that long. That

last observation is as much about this domain as about the physics, because a contrail advected out of the regional extract is620

terminated at the boundary whatever its age (Sect. 3), so a longer-lived contrail may simply have left. Within that extent, the

library default of 20 h is a converged answer rather than a longer arbitrary truncation, and only contrails still alive near the cap

are affected, those that die early being unchanged.

The cap does not only move the totals: it moves which flights the screening selects. A shortlist redrawn at 20 h shares only

53 % of its flights with the one drawn at 3 h, which is what separates the cap’s effect from the integration step of Appendix B1,625

where the ordering is left largely alone. Every comparison drawn in this paper does apply the same cap on both sides, so those

comparisons are internally consistent; but, given how far shortlist membership itself shifts, that consistency is no evidence of

invariance to the age cap. The reported gradient diagnostics would need recomputing to establish their behaviour at the longer

cap.
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Code availability. DIFFCOCIP and its verification suite are open source at https://github.com/ramondalmau/diffcocip (Apache-2.0), and build630

on our open aircraft-performance tooling (Dalmau et al., 2026). The version described here, DIFFCOCIP v1.0, is tagged in the repository and

includes the three guards added after the campaign record was frozen (Appendix A2). The supported configuration of Section 2.4, the

porting rules, and every verified departure from the reference implementation are documented in the repository itself, in docs/model.md,

docs/porting-rules.md and a dated deviation ledger (DEVIATIONS.md), alongside the negative-control record of the verification

suite. The campaign scripts that drive the screening, evaluation and analysis run against the access-controlled traffic dataset and are not635

part of the released repository; a deposit in which those inputs are replaced by their public ADS-B equivalents (Automatic Dependent

Surveillance–Broadcast, the position reports aircraft transmit) is in preparation and will accompany the archived version where redistribution

permits.

Data availability. ERA5 reanalysis (Hersbach et al., 2020) is publicly available from the Copernicus Climate Data Store; this paper contains

modified Copernicus Climate Change Service information 2024, and neither the European Commission nor ECMWF is responsible for any640

use of that information. The EUROCONTROL flight-plan data are proprietary and cannot be redistributed, and the per-day aggregate result

files derived from them are governed by the same terms and are likewise not released. No flight identifiers (callsigns, airline, origin or

destination) are published: the results are fleet-level aggregates, except for case-study flights on two campaign days, which are reported by

aircraft type and date, with their tracks and altitude profiles shown in rasterised figure panels only.

The workflow does not depend on that particular source. The weather side is public and the traffic side enters only as trajectories with645

timing, so an equivalent study can be assembled from openly available ADS-B trajectories; absolute totals would differ, ADS-B recording

what was flown where a flight plan records what was intended, but every comparison drawn here is internal to a single consistent source.
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